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A new invariant for virtual knots

and forbidden moves

1 Introduction

1.1 Virtual knots and flat virtual knots

e real crossing 72 1J TZ: <, virtual crossing  ##2 link diagram % virtual link diagram

gV,
X X

virtual crossing real crossing

e virtual link diagram M4 T ® real crossing ® LT DFHR % FR\ 7= diagram %, flat
virtual link diagram &\ M\, real crossing d D _ET %R\ 7z crossing % flat crossing

rw\, dTET
AN /
d —_ d
AN

real crossing flat crossing

e generalized Reidemeister move([¥] 1) O real crossing % 4 T flat crossing IZ LU 7z move
% flat generalized Reidemeister move &\ 5.

(1) ) c0o) (=)o X=X
w1) ) - %o(vz))( — E <V3):§8(‘—' ){
(V'3)k«—>x1

¥ 1 GRM

e K1, K, : (flat) virtual link diagrams
K~ K, € K v K, 3BREO (flat) generalized Reidemeister move % e L TH

n&E>.



e K :={All (flat) virtual link diagrams}
K(€ K/ =) % (flat) virtual link &\ 3.

1.2 Local moves

e virtual knot diagram IZ¥1} % local move T, HREMEVRUET Z iz kD, E£F
@ virtual knot diagram % trivial knot diagram 2% &%, unknotting operation
AR

e K, K': virtual knots

M : alocal move

K»6 K 2R85DIZHER M OR/NEEZ, MIZk3 K & K' O distance &\ M\,
dy(K, K') TRY. FHZ, K'Wtrivialknot D& &, K ¥ K’ @ distance % unknotting
number £\, up(K) THRT.

forbidden move F

Fo p— ] F D — =

2 Application

0.1 0 4.17 1 4.37 3 4.63 2
2.1 1 4.18 1 4.39 1 4.64 1
3.1 1 4.21 2 4.40 1 4.73 2
3.2 1 4.22 1 443 2 4.74 1
3.3 2 4.23 1 4.45 2 4.80 3
4.1 2 4.25 2 4.48 3 4.82 3
4.3 2 4.28 2 4.50 1 4.89 4
44 1 4.29 2 4.52 1
4.5 1 4.32 1 4.53 2
4.7 2 4.33 1 4.54 1
4.11 2 4.35 1 4.57 1
4.15 2 4.36 2 4.60 1

£ 1 unknotting number

1Jeremy Green, A Table of Virtual Knots, http://www.math.toronto.edu/drorbn/Students/GreenJ/

2



()
./
0.1

Virtual knots with up to 3 crossings
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Virtual knots 4 crossings
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% 2 : Virtual Knot Table!



BH AEH RELXFRE)
2 and 3-variations and finite type invariants

of degree 2 and 3

3 Introduction

3.1 Diagrams and equivalence classes

o I :=[0,1(k=1,...,1)

f:hII.--II], - Rx[0,1] : an immersion s.t.

1. tedl, X LT,

2. f X transversal 7% double point D& % fFD.
3. & double point 121X, real crossing A virtual crossing DFHBE X STV 3.

f(L .- 10 1,) % p-component virtual string link diagram £\ \», virtual string
link diagram @ generalized Reidemeister move iZ & % [F{E%§ % virtual string link &
Wi,

e f:R — R?: asmooth immersion s.t.

1. +ARELMeRIZMLT, f(t)=(t0) (t<—M,M<t).
2. f X transversal 72 double point D& % FFD.
3. % double point IZ1X, real crossing #* virtual crossing DIFHAEX SN T W3,

f(R) % long virtual knot diagram ¥\ \», long virtual knot diagram @ generalized
Reidemeister move (= & % [E{#3H % long virtual knot & \» 5.
e K : virtual knot diagram,virtual string link diagram or long virtual knot diagram

D&, K @ Gauss diagram

% D13 K OW&T, K O real crossing I HRT % 2 % chord TRAEHD. %
chord (Z1&, under crossing {Z[17%* 5 &KED T real crossing D _E FDfE#R % 5 X, sign
HL525.

D, D’ : Gauss diagrams

D'c D ¥ D' ®&Td chord i D d chord Th 3.



3.2 Finite type invariants

ho8

semi-virtual crossing

scmi-virtual crossing & ffid crossing & @ Z NEEIZ & 1F 5 BRR -

X =X - X
N\

K : a (long) virtual knot diagram

(d1,da,...,dn) : K @ real crossing

0:= ((51,(52, . .,(Sn) (6z = 0, 1)

6] : 6 D1 DIEEK
Ks: 6; =1 DK, K O crossing d; % virtual crossing 128 Z# X TH 5 5 diagram

Z(—l)wl Ks

5
% n {8 D semi-virtual crossing % £ diagram &\ 5.

B
G : an abelian group
K:={All (long) virtual knots}
v:K—>G

v % ZIK) TR IR T 5.

K™ : m {#l®D semi-virtual crossing % £ diagram

v(K™ =0 (Ym > n)
k%?ﬁﬁf:‘é‘%d\ﬁ n DEET B L &, v % degree n D finite type invariant £\ .

4 Arrow diagrams

o £732% 2 R% D7 < dashed arrow % 2 oriented circle(or line) % arrow diagram &
W3,

o A : a free abelian group generated by all arrow diagrams
D:={All Gauss diagrams}




P = A/(1),(2),(3)

e $:P—>P st. for YA€ P : an arrow diagram,

1. ¢(A) =0, if AAn+1AKLAED arrow ZFD.
2. ¢(A) = A, if AP n+1 RREED arrow ZFD.

Pn = ¢(P)
In:=¢ol
e (,): Ax A— Zst. for A}, Ay, As € A : arrow diagrams,

1 (A=A
1”““”‘{0(A¢An

2. (Al + Az, A3) = (Al, AJ) + (Az, Ag), (Al, Az + AJ) = (Al, A2) + (Al, AJ)

o (,):AXxD S Zsit.
for YA € A : an arrow diagram,”D € D,

(A,D) = (A, I(D)) .



4.1 n-variation

e D : string link @ Gauss diagram
A], Az, veey An+1 : D @ chord 0)%% (A; 7£ @)
BATFD 1,2 %2732 %, DIEn-trivial :

2. {A1,As, ..., App} DEED (ET42\) subfamily D chord ZEXY RS &, D
1Z classical Reidemeister move (2) 2#EL T, £T®D chord 2R T EHTE 3.
e D : a Gauss diagram
D' : (n-1)-trivial 73 y-component string link @ Gauss diagram

D @ chord D¥i s % FF7- 2 \WMEE D segment % p {EET, £ D segment DAE &
5& 512, D Dsegment ZfE D EbH 5. ZOEK%E D D n-variation & FEI.

e M, M, : local moves

M= My, N My BB —ER T 2 2t E > CTEBRTE 3.



